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In automotive components, the cumulative microslip phenomenon is often observed for
engine assemblies. This phenomenon results in an accumulation of the relative slips in a
preferred tangential direction on the contact interface of two solids under cyclic loadings.
A signiﬁcant relative displacement may occur and leads to the assembly failure. In partic-
ular, a global rotation of the bearing shell may result from this mechanism of cumulated
slips in conrod big end systems. To discuss this rotation problem, a model of two circular
beams in frictional contact and submitted to a periodical rotating load is considered here.
The aim is to give some simpliﬁed estimates of the critical rotation load based on a slip-
shakedown analysis. The discussion holds for Tresca friction and can be extended to Cou-
lomb friction under the assumption of small coupling. The static and kinematic slip-shake-
down approaches are discussed. The obtained analytical results are shown to be in
agreement with the ﬁnite element computations.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Conrod assemblies of reciprocating engines are submitted to cyclic thermo-mechanical loadings. Slip mechanisms on the
contact interface, such as the cumulative microslip phenomenon (Antoni, 2005; Antoni and Ligier, 2006;Antoni et al., 2007;
Antoni and Nguyen, 2008), are often observed. Such unbounded cumulated microslips at each cycle lead to a global rotation
of the bearing shell (see Fig. 1). Although the cumulative microslip problem is actually a risk, it has not been well considered
in practical analyses of engineers and common elementary tools are proved to be deﬁcient in most cases. Because of the phe-
nomenon’s recurrent appearance, it is important for designers to have some efﬁcient estimates on its occurrence. Since a
ﬁnite element simulation of the system behaviour requires long and costly computations, it is interesting to have some sim-
pliﬁed estimates, especially in the form of analytical criteria ensuring the non-rotation of bearing shells. Such formula may
be helpful in the early design stage by allowing fast parametric studies.
To that end, a simple model of conrod is considered here. It consists of two elastic circular beams maintained by contact
with friction and pre-stresses. The relative displacement of the beams on the contact interface is analysed when the internal
beam, representing the bearing shell, is submitted to a cyclic rotating concentrated radial load and the external one, repre-
senting the conrod big end, is punctually clamped (Fig. 2a). As a ﬁrst approach, this system represents a conrod big end
assembly, loaded during an engine cycle (Fig. 2b).
Recent works on the analysis of the relative slip of elastic solids maintained in contact with friction under cyclic loadings
can be found in the literature. The analogy between relative slip mechanisms and classical long-term behaviours observed in. All rights reserved.
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Fig. 2. Circular beam contact model (a) and real conrod big end system (b).
Fig. 1. Cumulative microslip in a conrod big end system.
5190 N. Antoni et al. / International Journal of Solids and Structures 45 (2008) 5189–5203plasticity has been pointed out, plastic strains playing the role of slips, cf. (Koiter, 1960; Debordes, 1976; Maier, 2001; Ngu-
yen, 2006; Bouby et al., 2006; Antoni, 2005; Antoni et al., 2007; Klarbring et al., 2007).
The ﬁrst part of the paper is devoted to a short presentation of the existing results on slip-shakedown theory.When a stan-
dard Tresca friction is assumed (this terminology is adopted here when the tangential sliding force is independent of the nor-
mal stress), it has been established that, under some additional assumptions, Melan theorem holds in the same spirit as in
classical plasticity (Antoni et al., 2007; Antoni and Nguyen, 2008). This result leads to the introduction of a safety coefﬁcient
with respect to the slips and to its theoretical expressions in static and kinematic dual approaches. When a Coulomb law of
friction is assumed, the problem is much more difﬁcult (see Bouby et al., 2006; Klarbring et al., 2007; Antoni and Nguyen,
2008). In particular, it has been established by Klarbring et al. (2007) that Melan theorem still holds if there is no coupling
between the normal stress and the tangential relative displacement on the contact interface, as for the problem of a punch
in frictional contact with an elastic half-plane. This assumption is rather restrictive for common system of contacting solids.
However, it may be interesting to assume that this coupling remains small enough to neglect the contribution of the tangen-
tial relative displacement in the expression of the normal stress. This approximation is explored here for the conrod system.
In the second part of the paper, these theoretical results are discussed for the considered beam model of the conrod. The
two dual approaches are explicitly written to obtain the theoretical expressions of the critical force ensuring the slip-shake-
down of the system under a cyclic load. These expressions are given by two problems of convex optimization. In particular,
to have an idea for practical applications, some simple upper-bounds of the shakedown critical load are derived for a Tresca
friction as well as for a Coulomb friction (under the assumption of small coupling).
Since the theory of limit analysis, which gives the limit loads of the system, appears as a particular case of the shakedown
analysis (see Koiter, 1960 for example in classical plasticity), the computation of the limit load is also given in the same spirit.
In particular, the upper bounds derived from the slip-shakedown and limit analyses can be useful for a quick estimate of the
critic al rotation load.
N. Antoni et al. / International Journal of Solids and Structures 45 (2008) 5189–5203 5191In the last part of the paper, a step-by-step numerical calculation of an equivalent 2D-conrod model under the same cyclic
load and Coulomb friction is performed by the ﬁnite element method in order to explore the validity of the assumption of
small coupling and of the consistency of the beam modelling.
2. The conrod system and the associated beam model
Let us consider the modelling of the conrod system presented on Fig. 2a, within the framework of elastic curved beams
under the assumption of small perturbations (Garrigues, 1999; Salençon, 2002).
The system is in quasi-static transformation under a cyclic radial force of amplitude F(b) located at angle b(s) at time s.
The reference state is a self-equilibrated pre-stress state ensuring in particular a uniform normal force p0 > 0 on the contact
interface Cc. The contact interface is assumed to be the whole interface when the pre-stress is strong enough.
If the two different beam-centrelines with their respective radius are considered, the model will require an appropriated
write-up of contact conditions. As a ﬁrst approximation, a simpler modelling is adopted here. It is assumed that the mean
lines of both beams are coincident with the contact interface. Let R be the corresponding radius (see Fig. 2a).
Let h be the circumferential position and (p(h,s),q(h,s)) be respectively the normal and tangential forces (per unit length)
applied by internal beam (1) on external beam (2). The contact force~f 2!1 applied by solid (2) on solid (1) in the loaded state
is~f 2!1ðh; sÞ ¼ pðh; sÞ~e2  qðh; sÞ~e1; 8h 8s ð1Þ
On the contact interface, a bilateral contact is considered. Additionally, a standard friction law is assumed:jqj < k) stick; jqj ¼ k) possible slip ð2Þ
The tangential sliding force k is a constant or a given function for a Tresca friction and k(h,s) = lp(h,s) for a Coulomb friction
with a friction coefﬁcient l.
Let (ui(h,s),vi(h,s)) be respectively the tangential and normal displacements of solid (i) (i = 1,2) at position h and time s
with respect to the reference state, see Fig. 2a. If (Ni0,Mi0,Ti0) denote, respectively the normal load, bending moment and
shear force of beam (i) (i = 1, 2) at the pre-stress state, the normal and generalized forces in the current state can be conve-
niently decomposed aspðh; sÞ ¼ p0 þ Dpðh; sÞ
Niðh; sÞ ¼ Ni0ðhÞ þ DNiðh; sÞ
Miðh; sÞ ¼ Mi0ðhÞ þ DMiðh; sÞ
Tiðh; sÞ ¼ Ti0ðhÞ þ DTiðh; sÞ
8>><>>: ð3Þ
to obtain the governing equations of the quasi-static transformation of the system under a given cyclic history b(s) asðaÞ Bilateral contact v1ðh; sÞ  v2ðh; sÞ ¼ 0;p0 þ Dpðh; sÞ > 0
ðbÞ Friction jqðh; sÞj < kðh; sÞ ) _u1ðh; sÞ  _u2ðh; sÞ ¼ 0jqðh; sÞj ¼ kðh; sÞ ) _u1ðh; sÞ  _u2ðh; sÞ ¼ kqðh;bÞ; kP 0

 kðh; sÞ is a constant or a given function for a Tresca friction
 kðh; sÞ ¼ lpðh; sÞ for a Coulomb friction:
ðcÞ Constitutive equations ðelastic beamsÞ
o2vi
oh2
þ viðh; sÞ ¼ Sf iDMiðh; sÞ  RStiDNiðh; sÞ
oui
oh ¼ viðh; sÞ þ RStiDNiðh; sÞ
(
; 8i ¼ 1;2
ðdÞ Equilibrium equations Beam ð1Þ
1
R
oDN1
oh  DT1ðh;sÞR  qðh; sÞ ¼ 0
1
R
oDT1
oh þ DN1ðh;sÞR þ Dpðh; sÞ ¼ 0
1
R
oDM1
oh þ DT1ðh; sÞ ¼ 0
8><>: ð4Þ
Beam ð2Þ
1
R
oDN2
oh  DT2ðh;sÞR þ qðh; sÞ ¼ 0
1
R
oDT2
oh þ DN2ðh;sÞR  Dpðh; sÞ ¼ 0
1
R
oDM2
oh þ DT2ðh; sÞ ¼ 0
8><>:
ðeÞ Continuity and boundary conditions
u2ðp=2; sÞ ¼ 0
v2ðp=2; sÞ ¼ 0
dv2
dh ðp=2; sÞ ¼ 0
8><>:
u2ð3p=2; sÞ ¼ 0
v2ð3p=2; sÞ ¼ 0
dv2
dh ð3p=2; sÞ ¼ 0
8><>:
½DNiðh ¼ b; sÞ ¼ 0
½DMiðh ¼ b; sÞ ¼ 0
½DT1ðh ¼ b; sÞ ¼ FðbÞ
8><>:
½uiðh ¼ b; sÞ ¼ 0
½viðh ¼ b; sÞ ¼ 0
dvi
dh
h i
ðh ¼ b; sÞ ¼ 0
; 8i ¼ 1;2
8><>:
5192 N. Antoni et al. / International Journal of Solids and Structures 45 (2008) 5189–5203where [f](x) = f(x+)  f(x) represents the jump in function f at point x, (Ei,Si,Izi) denote respectively the Young modulus, the
cross-section area and the moment of inertia of beam (i) (i = 1, 2) andSti ¼ 1EiSi ; Sf i ¼
R2
EiIzi
; 8i ¼ 1;2 ð5ÞThe determination of the solution of this evolving problem is complex since it requires a complete step-by-step calcula-
tion starting from any given initial state ut(h, 0) = u1(h, 0)  u2 (h, 0) = ut0(h).
3. Slip-shakedown analysis: existing results and principal assumptions
3.1. Slip-shakedown theorems for Tresca friction
For a standard Tresca friction, some general results have been discussed in the literature in the same spirit as in classical
plasticity. Under some additional assumptions, a Melan theorem for the tangential relative displacements still holds (see
Antoni et al., 2007; Antoni and Nguyen, 2008). It leads to the static and kinematic approaches for the expression of the shake-
down critical load.
The results are recalled here for a system of two solids V = V1 [ V2 in frictional contact. The ﬁrst solid V2 is assumed to be
elastic (or rigid) and maintained by prescribed displacements u = 0 on a portion Su2 of its boundary S2. The second elastic solid
of volume V1 is maintained only by contact with friction and pre-stresses on a common portion Sc = S1 \ S2 of the boundary.
The two solids are submitted to thermo-mechanical variable loadings composed of the ﬁelds volume forces f(s) and tem-
perature variations DT(s) in V = V1 [ V2, surface forces F(s) on the complementary portions Sf ¼ Sf1 [ Sf2 of the boundary
(Sf1 ¼ S1  Sc and SF2 ¼ S2  Su2  ScÞ.
It is assumed that the contact interface Sc does not vary (i.e. is time-independent). This rather restrictive assumption is satisﬁed
in many situations, in particular when the pre-stress is strong enough.
Under the assumption of small displacements without separation of solids V1 and V2, the relative displacement ﬁeld
[u] = u1  u2 is reduced to its tangential component ut on the contact interface Sc for all s and the tangential force applied
by V1 on V2 is denoted as rt. Starting from a given initial value ut0(x), the variation of the tangential relative displacement ut
is governed by a friction law on the contact interface Sc under the considered loading. If a standard Tresca friction law is as-
sumed, the yield force is independent of the normal stress. For example, it can be assumed that the friction force satisﬁes
krt(x,s)k 6 k where k is a constant. More generally, it can be assumed that k is a given function k(x,s) for all x and for all
s. Its variation with time may be due for example to a cyclic temperature.
There is shakedown if the tangential relative displacement ut admits a limit:8x 2 Sc lim
s!1
utðx; sÞ ¼ u1t ðxÞ ð6ÞWithout shakedown, the displacement may be unbounded or become cyclic. This situation is undesired since it can in-
duce unexpected contact, fatigue or wear processes. As in plasticity, slip-shakedown is the asymptotic behaviour that
designers will naturally try to obtain when dealing with the reliability of the assembly with respect to the cumulative micro-
slip phenomenon.
Under the previous assumptions, the governing equations of the system are, for all sP 0, in a quasi-static transformation:r  rþ f ¼ 0 in V
r ¼ r0 þ L : ðrsu aTDTIÞ in V
r  n ¼ F on Sf ;u ¼ 0 on Su2
½u  n ¼ 0;ut ¼ ½u on Sc
Standard friction law on Sc
utðx;0Þ ¼ ut0ðxÞ initial conditions
8>>>>><>>>>:
ð7Þwhere L is the elasticity tensor, aT denotes the thermal dilatation coefﬁcient (under isotropic assumption), I is the unit tensor
and n is the outward normal unit vector to V2 on Sc and to V on Sf and r0 a self-stress ﬁeld for the system without relative
displacement.
It is convenient to introduce as in plasticity the purely elastic response of the system deﬁned byr  rel þ f ¼ 0 in V
rel ¼ r0 þ L : ðrsuel  aTDTIÞ in V
rel  n ¼ F on Sf ;uel ¼ 0 on Su2
½uel ¼ 0 on Sc
8>><>>: ð8Þ
in which the data are (f,F,r0,DT).
Let SF be the space of self-tangential forces s deﬁned on Sc. By deﬁnition, s 2 SF means there exists at least a self-stress
ﬁeld rs deﬁned in V admitting s as the associated tangential force on Sc
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rs  n ¼ 0 on Sf
½rs  n ¼ 0 on Sc
s ¼ rs  n ðn:rs  nÞn on Sc
8>><>>: ð9Þ
In the same spirit as Melan theorem in plasticity, the following theorem holds:
Theorem. If a time-independent tangential force rt 2 SF and a coefﬁcient m > 1 exist such that the tangential force
~rtðx; sÞ ¼ mðrt ðxÞ þ relt ðx; sÞÞ satisﬁes for all x 2 Sc and all sP 0 the condition k~rtðx; sÞk 6 kðx; sÞ, then there is necessarily a
slip-shakedown whatever be the initial state.
By deﬁnition, the safety coefﬁcient ms with respect to the slips is the maximum of m ensuring the assumptions of Melan
theorem:ms ¼max
rt2SF
m
such that ertðx; sÞ satisfies Melan condition
(
ð10ÞIt is also well known that the resolution of the dual problem under the same constraints results in the deﬁnition of an expres-
sion of the safety coefﬁcient by the kinematic approach (Nguyen, 2003).
Let RS be the space of relative rigid slips, i.e. of relative slip ﬁelds on Sc which are the trace of relative rigid displacements.
By deﬁnition, G 2 RS means there exists at least a displacement ﬁeld u deﬁned in V such thatrsu ¼ 0 in V
u ¼ 0 on Su2
½u  n ¼ 0; ½u ¼ G on Sc
8<: ð11Þ
Then, the safety coefﬁcientmk ¼ min
gðx;sÞ
Rþ1
0
R
Sc
kðx; sÞkgðx; sÞkdsds
such that
GðxÞ ¼ Rþ10 gðx; sÞds 2 RSR þ1
0
R
Sc
relt ðx; sÞ:gðx; sÞdsds ¼ 1
(
8><>: ð12Þresults from the kinematic approach. It satisﬁes ms 6mk and the equality ms =mk can be expected, as usual in min–max
duality.
In particular, it follows that slip-shakedown is impossible if a slip rate g(x,s) exists such thatGðxÞ ¼ Rþ10 gðx; sÞds 2 RS andRþ1
0
R
Sc
kðx; sÞkgðx; sÞkdsds < R þ10 RSc relt ðx; sÞ:gðx; sÞdsds ð13Þsince this inequality leads toms 6mk < 1. As in classical plasticity, the kinematic approach clearly shows two mechanisms of
non-shakedown. Indeed, an alternating slip motion corresponds to a resulting relative rigid slip G = 0, while the cumulative
microslip phenomenon corresponds to a resulting relative rigid slip G 6¼ 0.
3.2. Coulomb friction and the assumption of small coupling
Let rn = n.r.n be the normal force on the contact interface. From the deﬁnition of the elastic response, the following
expression holds:rn ¼ reln þ rn on Sc ð14Þwhere reln ¼ n  rel  n is the normal force associated with the purely elastic response and rn ¼ n  r  n is the residual normal
force associated with the residual response, i.e. the solution of the following elastic problem:r  r ¼ 0 in V
r ¼ L : rsu in V
r  n ¼ 0 on Sf ;u ¼ 0 on Su2
½u  n ¼ 0; ½u ¼ ut on Sc
8>><>>: ð15Þ
There is uncoupling between the normal stress and the tangential relative displacement if rn ¼ 0 for all ut, see Klarbring
et al., 2007. This property is satisﬁed for example in the case of the contact of a ﬂat punch on a half-plane. Since this property
is not true in general, it may be interesting to explore the following assumption:
Assumption of small coupling– It is assumed that jreln ðx; sÞj  jrnðx; sÞj and the contribution of the residual normal stress
can be neglected in the friction force. Thus, for a Coulomb friction, kðx; sÞ  lreln ðx; sÞ.
5194 N. Antoni et al. / International Journal of Solids and Structures 45 (2008) 5189–5203Since lreln ðx; sÞ is a known function, this approximation leads to the previous case of a Tresca friction and thus the slip-
shakedown analysis remains available.
4. Slip-shakedown analysis of the beam model
4.1. The purely elastic response
For any periodic loading F(b) such that the values of b (s) covers the whole interval [  p/2,3p/2], it is well known that the
expressions of ms or mk could be expressed on this interval.
The purely elastic response is ﬁrst derived. The linear elastic problem to be solved is composed of the following equations:
Find ðuel1 ; vel1 ;uel2 ; vel2 ;Nel1 ;Mel1 ; Tel1 ;Nel2 ;Mel2 ; Tel2 ; pel; qelÞ which are functions of variables p/2 6 h 6 3p/2 and p/2 6 b 6 3p/2
such thatðaÞ Decomposition
pelðh;bÞ ¼ p0 þ Dpelðh;bÞ
Neli ðh;bÞ ¼ Ni0ðhÞ þ DNeli ðh; bÞ
Meli ðh; bÞ ¼ Mi0ðhÞ þ DMeli ðh;bÞ
Teli ðh;bÞ ¼ Ti0ðhÞ þ DTeli ðh;bÞ
8>>><>>>: ; 8i ¼ 1;2
ðbÞ Bilateral contact vel1 ðh;bÞ ¼ vel2 ðh;bÞ ¼ vðh;bÞ
ðcÞ Stick uel1 ðh;bÞ ¼ uel2 ðh;bÞ ¼ uðh; bÞ
ðdÞ Constitutive equations
o2v
oh2
þ vðh;bÞ ¼ Sf iDMeli ðh; bÞ  RStiDNeli ðh;bÞ
ou
oh ¼ vðh; bÞ þ RStiDNeli ðh;bÞ
(
8i ¼ 1;2
ðeÞ Equilibrium equations Beam ð1Þ
1
R
oDNel1
oh 
DTel1 ðh;bÞ
R  qelðh;bÞ ¼ 0
1
R
oDTel1
oh þ
DNel1 ðh;bÞ
R þ Dpelðh;bÞ ¼ 0
1
R
oDMel1
oh þ DTel1 ðh; bÞ ¼ 0
8>><>>: ð16Þ
Beam ð2Þ
1
R
oDNel2
oh 
DTel2 ðh;bÞ
R þ qelðh;bÞ ¼ 0
1
R
oDTel2
oh þ
DNel2 ðh;bÞ
R  Dpelðh; bÞ ¼ 0
1
R
oDMel2
oh þ DTel2 ðh;bÞ ¼ 0
8>><>>:
ðfÞ Continuity and boundary conditions
uðp=2; bÞ ¼ 0
vðp=2;bÞ ¼ 0
dv
dh ðp=2; bÞ ¼ 0
8><>:
uð3p=2;bÞ ¼ 0
vð3p=2;bÞ ¼ 0
dv
dh ð3p=2;bÞ ¼ 0
8><>:
½DNeli ðh ¼ b;bÞ ¼ 0
½DMeli ðh ¼ b; bÞ ¼ 0 8i ¼ 1;2
½DTel1 ðh ¼ b;bÞ ¼ FðbÞ
8><>>:
½uðh ¼ b;bÞ ¼ 0
½vðh ¼ b; bÞ ¼ 0
dv
dh
 ðh ¼ b;bÞ ¼ 0
8><>:In particular, the ﬁnal expressions of tangential and normal forces (see Fig. 3) are given byqelðh;bÞ ¼
FðbÞ
2pR
Sf1
Sf2
St1St2
1þSt1St2
 !
cosðbÞ sinðhÞ þ b 3p2
 
cosðh bÞ  if  p=2 6 h < b
FðbÞ
2pR
Sf1
Sf2
St1St2
1þSt1St2
 !
cosðbÞ sinðhÞ þ bþ p2
 
cosðh bÞ  if b < h 6 3p=2
8>>><>>>:
ð17Þ
pelðh; bÞ ¼
p0 þ FðbÞ2pR
Sf1
Sf2
St1St2
1þSt1St2
 !
cosðbÞ cosðhÞ  b 3p2
 
sinðh bÞ  if  p=2 6 h 6 b
p0 þ FðbÞ2pR
Sf1
Sf2
St1St2
1þSt1St2
 !
cosðbÞ cosðhÞ  bþ p2
 
sinðh bÞ  if b 6 h 6 3p=2
8>>>><>>>:
ð18Þ4.2. Slip-shakedown analyses
For the sake of clarity, a rotating radial load with a constant intensity F > 0 (see Fig. 4) is considered in the whole follow-
ing analysis:FðbÞ ¼ F 8  p=2 6 b 6 3p=2 ð19Þ
Fig. 3. The purely elastic response: deformed state, tangential and normal contact forces in the case FðbÞ ¼ F and b = p/3.
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Fig. 4. Periodical loading path applied on the system.
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The statement of Melan’s theorem adapted to the model is the following:If a self -tangential force qðhÞ and a coefficient m > 1 exist such that the
tangential force eqðh;bÞ ¼ mðqelðh;bÞ þ qðhÞÞ satisfies for all  p=2 6 h 6 3p=2
and for all  p=2 6 b 6 3p=2 the condition jeqðh; bÞj 6 kðh; bÞ; then there is
necessarily a slip-shakedown whatever be the initial conditions:In the present case, the set RS is reduced to the relative rigid slips leading to an arbitrary rotation of solid (1), i.e. to the set of
functions of the form G~e1, where G is a constant. From the orthogonality property of RS and SF, cf. (Antoni and Nguyen, 2008):Z
Cc
GqðhÞds ¼ 0; 8G 8q 2 SF ð21Þ
5196 N. Antoni et al. / International Journal of Solids and Structures 45 (2008) 5189–5203the set SF of self-tangential forces is:qðhÞ 2 SF()
Z 3p=2
p=2
qðhÞdh ¼ 0 ð22ÞFrom (10) and (20), the static expression of the safety coefﬁcient adapted to our problem is the following:ms ¼ max
qðhÞ2SF
m
such that mjqelðh;bÞ þ qðhÞj 6 kðh;bÞ
8  p=2 6 h 6 3p=2 8  p=2 6 b 6 3p=2
8>><>: ð23Þ
The solution of this convex optimization problem can be numerically obtained by standard methods. This resolution will
not be considered in this paper since our principal objectives is to derive only some raw estimates of the critical load. Simple
estimates could be obtained by a piecewise approximation of q*(h), see also Björkman and Klarbring (1987). Let us consider
here just two piecewise constant elements (see Fig. 5):qðhÞ ¼ q

A if  p=2 6 h < p=2
qB if p=2 < h 6 3p=2

ð24ÞThe condition q*(h) 2 SF is then equivalent toZ 3p=2
p=2
qðhÞdh ¼ 0() qA ¼ qB ð25ÞThus, for a Tresca friction such that k(h,b) = k, we haveems ¼max
q
m
such that
k 6 m Q cosðbÞ sinðhÞ þ b 3p2
 
cosðh bÞ þ q  6 k
8  p=2 6 h 6 b 8  p=2 6 b 6 p=2
k 6 m Q cosðbÞ sinðhÞ þ bþ p2
 
cosðh bÞ þ q  6 k
8b 6 h 6 3p=2 8  p=2 6 b 6 p=2
k 6 m Q cosðbÞ sinðhÞ þ b 3p2
 
cosðh bÞ  q  6 k
8p=2 6 h 6 b 8p=2 6 b 6 3p=2
k 6 m Q cosðbÞ sinðhÞ þ bþ p2
 
cosðh bÞ  q  6 k
8b 6 h 6 3p=2 8p=2 6 b 6 3p=2
8>>>>>>><>>>>>>>:
8>>>>>>>>>><>>>>>>>>>:
ð26ÞwhereQ ¼ F
2pR
Sf1
Sf2
 St1St2
1þ St1St2
 !
ð27ÞO
(1)
(2)
1e
∗
− q ∗q
Fig. 5. Example of representation of self-tangential forces considered in the static approach.
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It can be shown that the previous problem is equivalent to the following:ems ¼max
q
m
such that
m maxðj2pQ  qj; jpQ  qjÞ 6 k
m maxðjqj; jpQ þ qjÞ 6 k
m maxðjpQ  qj; jqjÞ 6 k
m maxðjpQ þ qj; j2pQ þ qjÞ 6 k
8>><>>:
8>>>><>>>>:
ð28ÞFinally, the maximization for all constants q* results inems ¼ 12pQ k ¼ 1þ
St1
St2
Sf1
Sf2
 St1St2
 !
kR
F
ð29ÞThis lower bound ~ms 6 ms is not very interesting since this is the one we would have obtained for ﬁelds q* identically zero.
The shakedown condition ~ms > 1 is equivalent toF < Fs ¼ kR
1þ St1St2
Sf1
Sf2
 St1St2
 !
ð30Þand corresponds to the trivial fact that the purely elastic response satisﬁes the stick regime.
From (12), the kinematic safety coefﬁcient, adapted to our problem is the following:mk ¼ min
gðh;bÞ
H
cycle
R
Cc
kðh; bÞjgðh;bÞjRdhdb
such that
GðhÞ ¼ Hcycle gðh;bÞdb 2 RSH
cycle
R
Cc
qelðh;bÞgðh; bÞRdhdb ¼ 1
(
8><>>: ð31Þwhere RS is the set of relative rigid slips, i.e. such that G(h) = G for all h.
Again, this convex optimization problem can be numerically solved by standard techniques of minimization. This prob-
lem is not considered in this paper. In order to obtain a raw estimate ofmk, let us restrict the kinematic analysis to the subset
of constant piecewise ﬁelds of the form (Fig. 6):gðh;bÞ ¼
CA if  p=2 6 b < p=2 and  p=2 6 h < p=2
CAþ if p=2 < b 6 3p=2 and  p=2 6 h < p=2
CB if  p=2 6 b < p=2 and p=2 < h 6 3p=2
CBþ if p=2 < b 6 3p=2 and p=2 < h 6 3p=2
8>><>>>: ð32Þ
The resulting relative slip GðhÞ~e1 is given byO
(1) 
(2)
1e
β
F
BC
−
− 0=
−
AC
F
O
(1)
(2)
1e
β
0=+
BC AC+
Fig. 6. Example of representation of relative rigid slips adopted in the kinematic approach.
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I
cycle
gðh;bÞdb ¼ pðC
A
þ  CAÞ if  p=2 6 h < p=2
pðCBþ  CBÞ if p=2 6 h < 3p=2
(
ð33ÞA ﬁeld deﬁned by (32) is thus admissible only ifCAþ  CA ¼ CBþ  CB ð34Þ
Hence, for a Tresca friction such that k(h,b) = k, the kinematic coefﬁcient is given by~mkT ¼ min
ðCA ;CB ;CAþ ;CBþÞ
p2kRðjCAj þ jCBj þ jCAþj þ jCBþjÞ
such that
CAþ  CA ¼ CBþ  CB
CA þ CB þ CAþ þ CBþ ¼ 12pQR
(
8>><>>: ð35ÞFinally, the result of the minimization is~mkT ¼ p2Q k ¼ p
2
1þ St1St2
Sf1
Sf2
 St1St2
 !
kR
F
ð36ÞThe non-shakedown condition is then written as ~mkT < 1, that isF > FkT ¼ p2kR
1þ St1St2
Sf1
Sf2
 St1St2
 !
ð37Þ4.2.2. Coulomb friction
For a Coulomb friction under the assumption of small coupling, the shakedown analysis can be considered in the same
spirit with kðh; bÞ ¼ lðpo þ Dpelðh; bÞÞ.
The kinematic approach (31) and the slip rate ﬁeld (32) then lead toemkC ¼ min
ðCA ;CB ;CAþ ;CBþÞ
lR½ðjCAj þ jCBþjÞðp2p0  2Qð4 p2ÞÞ þ ðjCAþj þ jCBjÞðp2p0  8QÞ
such that
CAþ  CA ¼ CBþ  CB
CA þ CB þ CAþ þ CBþ ¼ 12pQR
(
8>><>>: ð38ÞFinally, it follows that:mk 6 emkC ¼ l2pQ ½p2ðp0 þ QÞ  8Q  ð39Þ
and the non-shakedown condition isF > FkC ¼ p
3lp0R
2p lðp2  8Þ
1þ St1St2
Sf1
Sf2
 St1St2
 !
ð40Þ4.2.3. Non-separation
The condition of non-separation on the interface ispðh;bÞ ¼ pelðh;bÞ þ pðh; bÞ > 0 ð41Þ
For a total uncoupling, we have p*(h,b) = 0. Under the assumption of small coupling, p*(h,b) can be neglected with respect to
pel(h,b).
Hence, taking account of (18), condition (41) gives for both cases:p0 þ minp=26b63p=2 minp=26h6bQ cosðbÞ cosðhÞ  b
3p
2
 
sinðh bÞ  > 0
p0 þ minp=26b63p=2 minb6h63p=2Q cosðbÞ cosðhÞ  bþ
p
2
 
sinðh bÞ  > 0
8<: ð42Þ
It follows that:p0 
3p
2
Q > 0 ð43Þ
OrF < Fsep ¼ 43p0R
1þ St1St2
Sf1
Sf2
 St1St2
 !
ð44Þ
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It is interesting to compute the limit force in the sense of limit analysis. Indeed, it is well known that the shakedown anal-
ysis also covers the framework of limit analysis (e.g. Koiter, 1960). The limit load can be analytically obtained with the kine-
matic approach by taking admissible relative slip rate ﬁelds of the form (Fig. 7):gðh;bÞ ¼ Gdðb0Þ ð45Þ
where d(b0) is the Dirac function at b = b0 for p/2 6 b0 6 3p/2.
In other words, G ¼ R 3p=2p=2 gðh; bÞdb is a failure mechanism, by a rigid rotation of solid (1), at some angular loading position
b0.
It follows that:I
cycle
Z
Cc
qelðh;bÞgðh; bÞRdhdb ¼ 2pQðb0ÞRG cosðb0Þ ð46ÞThus, the second condition in (31) givesG ¼  1
2pQR cosðb0Þ
ð47ÞFor a Tresca friction, it follows that:mlT ¼min
G6¼0
2pkRjGj
such that G ¼  12pQR cosðb0Þ
8<: ð48Þ
It amounts tomlT ¼ minp=26b063p=2
k
Q j cosðb0Þj
ð49ÞThe result of the minimization ismlT ¼ kQ ¼ 2p
1þ St1St2
Sf1
Sf2
 St1St2
 !
kR
F
ð50ÞThe non-shakedown condition is thus given byF > FlT ¼ 2pkR
1þ St1St2
Sf1
Sf2
 St1St2
 !
ð51ÞO
(1) 
(2)
1e
0ββ =
F
G
F
O
(1)
(2)
1e
β
0β
Fig. 7. The rotation mechanism in the limit analysis.
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cycle
Z
Cc
lðp0 þ Dpelðh;bÞÞjgðh;bÞjRdhdb ¼ 2pljGjR½p0  Qð1þ sinðb0ÞÞ ð52ÞProblem (31) thus leads tomlC ¼min
G 6¼0
2pljGjR½p0  Qð1þ sinðb0ÞÞ
such that G ¼  12pQR cosðb0Þ
8<: ð53Þ
It follows that:mlC ¼ minp=26b063p=2
l½p0  Qð1þ sinðb0ÞÞ
Q j cosðb0Þj
¼ l
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p0ðp0  2QÞ
p
ð54ÞFinally, the non-shakedown condition is given byF > FlC ¼ 2plp0R
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ l2
q
 l
 	 1þ St1St2
Sf1
Sf2
 St1St2
 !
ð55ÞIt should be quoted that the minimum (54) of optimization problem (53) is obtained for b0 = arcsin[Q/(p0  Q)] or
b0 = p  arcsin [Q/(p0  Q)] which are the most unfavourable loading angular positions with respect to the global rigid slip.
6. Numerical validation by FEM simulations
The following values, used in this section, are those of an engine conrod big end system:R ¼ 26:5 mm;b ¼ 25 mm;h1 ¼ 2 mm;h2 ¼ 7 mm;
E1 ¼ 190;000 MPa;E2 ¼ 210; 000 MPa;l ¼ 0:2; p0 ¼ 625 N mm1:Let us ﬁrst consider some numerical applications of the critical rotation and separation loads. The analytical results of slip-
shakedown and limit analyses can provide an upward estimation of the critical rotation load denoted as Frot. It can be cal-
culated as Frot ¼min FkT ; FlT
 
for a Tresca friction, or as Frot ¼minðFkC ; FlCÞ for a Coulomb friction under the small coupling
assumption. For example, we obtain
 For k = lp0 = 125 N mm1: Frot ¼ FlT ¼ 2328:3 N 6 Fsep ¼ 2470:4 N
 For l = 0.15: Frot ¼ FkC ¼ 1435:5 N 6 Fsep ¼ 2470:4 N
 For l = 0.2 (nominal case): Frot ¼ FlC ¼ 1908:7 N 6 Fsep ¼ 2470:4 N
A two-dimensional numerical modelling in plane strain of the conrod system is considered for comparison. This two-
dimensional problem is interesting since it represents an intermediate case between the one-dimensional approach pre-
sented previously and the three-dimensional case of a conrod big end system. The FEM computations have been performed
with Abaqus code.
The elastic ﬁnite element model (Fig. 8) involves unilateral contact conditions, Coulomb friction, kinematic conditions
(solid (2) cross-section clamped at h = p/2 and h = 3p/2) and a rotating constant radial load F applied on the internal surface
of solid (1) and covering, node by node, the interval [  p /2,3p/2].
An initial interpenetration of the contact surfaces is ﬁrst introduced to obtain the given normal force p0. The periodical
loading path is then applied from this pre-stress state. A sufﬁciently high number of loading cycles (here seven) must be con-
sidered to guarantee a periodical response in stress and strain, and thus a stabilized response in relative displacements and
stress on the contact interface.
Let G(h) = [u1(h,b + 2p)  u2(h,b + 2p)]  [u1 (h,b)  u2(h,b)] be the increment in relative slip per cycle. Its variation on the
contact surface, resulting from FEM calculation for F ¼ 2250 N, is shown on Fig. 9a. Since function G is constant for all h, a
rigid rotation is obtained at each cycle asymptotically, corresponding to the cumulative microslip phenomenon. The stabil-
ization in relative slip response is also observable on Fig. 9b where the time-variations in relative slip at two opposite points
(h = ±p/2) have been plotted. FEM computations conﬁrm that only two slip-mechanisms can be obtained, i.e. G(h) = 0 " h
(shakedown or cyclic slip) or G(h) = G 6¼ 0 "h (cumulative slip).
The variations in F versus the slip increment G, in a range of load intensities such that the contact remains ensured, are
given on Fig. 10. For F ¼ 2250 N, a ﬁrst nodal separation is numerically detected. For comparison with analytical nominal
results, critical rotation and separation loads have been also plotted. The critical rotation load resulting from FEM is
Frot  1800 N. Numerical and analytical values are thus very similar for the critical load as well as for the separation load.
It is interesting to perform a sensitivity analysis. For example, the variations in critical rotation load Frot versus the friction
coefﬁcient (0 < l 6 0.3) obtained from the previous analytical analysis (case of Coulomb friction) and from FEM computa-
tions are depicted on Fig. 11. The obtaining of the graph resulting from FEM requires several dichotomy iterations to reach
Fig. 9. Circumferential variation in relative slip increment per cycle (a) and time-variations in relative slip at two opposite points (b), resulting from FEM
computation in the case F ¼ 2250 N.
Fig. 8. Equivalent two-dimensional ﬁnite element model.
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they also show a good correlation between analytical and numerical results on the considered range of friction coefﬁcient
values.
It is also interesting to check by FEM computations the validity of the assumption of small coupling between normal and
tangential effects. The circumferential variation in ratio jp*(h,b)j/ p(h,b) for b = p/2 + 12p, in the case F ¼ 2250 N, is depicted
on Fig. 12. This example and the investigation of other loading positions during a cycle show that the ratio remains effec-
tively small (about 10%).
7. Conclusion
The presented analytical modelling and slip-shakedown analysis clearly lead to some efﬁcient estimates on the asymp-
totic behaviour of the conrod system under a periodical rotating load. Upward estimations of the critical non-shakedown
Fig. 10. Variation in rotating load intensity F vs. the relative slip increment per cycle G resulting from FEM computations.
Fig. 11. Variations in critical rotation load Frot vs. the friction coefﬁcient l, resulting from analytical and FEM computations.
5202 N. Antoni et al. / International Journal of Solids and Structures 45 (2008) 5189–5203load have been easily built from the kinematic approach and some useful analytical expressions have been derived. The ob-
tained analytical results are in good correlation with the numerical simulations by ﬁnite element computations. This good
correlation also shows the validity of the assumption of small coupling, at least for the considered example, in the slip-shake-
down analysis with Coulomb friction.
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Fig. 12. Circumferential variation in ratio jp*j/p for angular loading position b = 25p/2, resulting from FEM computation in the case F ¼ 2250 N.
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